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1 FRERRICHITDRREOI A

» AEREROARIE, BRA TS, REOY—REN, HEERNAFACKINTDIENTSE
5. LEAARFEIMELTVDDOTIRRL, HEICEAEUVGRSHREL TLD.

» ZO—PIELT, 1T 7IVHHNFZEEREODI —RENFTZE2EDREFREULLOA, "KL\ BfRENHD
EOBEDI S REFRLELD EVDIHTENH .

» BIRIE, ERIBATRIE Krull [CKWHEIFEIC A 7 7 IVRIREME CEATNZY, REODI —REERS
HSDREIEE D & Serre [CEY TKrull RITVKIBRTTEZ5NB] EWVWSREDD ALK
fFrngonkz. 7, REOIVAIREEIZEL DT UFD TS Z &N Auslander-Buchsbaum [Z &
YEEEATN TS,

= CM(Cohen—-Macaulay) BFERIE, 1 T PILG@HRT—9 TH S Krull RITMNREOIHIRETH
% depth (IREOI— (Ext) EDVWTODT—%) E—HIBRELTHEHMITONS. CNX
Hochster—Huneke M “the Cohen—Macaulay condition (possibly on the local rings of a variety) is just
what is needed to make the theory work” &R TWVWB XD ICETELVWEBEZRF D> TS,

= FHRIRERICH VT, Noether BRAFIR LOBRERMMEFICE T SR EOI NIV BEEROC CE2REOY
HIVFREREVND BETIEZHBARAINTND). XT—E XD FZRBRRPTVEDZVW DMNEN
93.

Theorem 1.1 (FRFTFR). A Z Noether BFFFRE U, M ZEHERTNERTH D XD HEMRER A IIEFE
3. ac ABRM DIFFRFRS5IL a1 A TEIRERFTH .



Theorem 1.2 (Bass ¥8). A & Noether BFTERE T 5. ASERITHERE 0 TRVLWERER A INEFNTFE
ITNE, AL CMETHS.

Theorem 1.3 (BEMIRFT8). A ZEAIBMIRETS. AcSZ ARKT, ANMBFEEULTERERTHDE
I3, COETAFAMEBEELT S DEHRFELS.

BHRSZ6NEE, [ZENHRECEXT CMRISGEVWESSH 7] EWSREIXBAT, D1 DOHMN 2018
FI(C André [CK D TEAEBAT Mz Big CM T8 TH 3. LICEFLEFREFTTRIEZOREODI DILTEN
Big CM FRNS5EHNS.

Theorem 1.4 (Big CM F78). (A, m) & Noether GFiIRETS. AR B THDOT, B+ mB THY, IR
DA @E.?r\’ al,...,aq I:JX‘-“J—C al,...,dq IEt B @EEU&UT%%&i@B@b‘ﬁE?%

ZDES% B % Big CMAREE WS, BIFT UE Noether [CRD EIFRRS AL, ZDFIE LT, Hochster—
Huneke (325 p > 0 DBFBAFAEE[YICHUT, AT £ A OBHEORBEIS Frac(A) [CH1F3 A DERS
ETDE, AN AD Big CMARBUTARDZ & EAAL .

CDXDIZ, REOAINIVFERE Noether IRDIAFRICH VN TEIE Noether IRIFEARICIENTL 3.

—~~~3 JE Noether RICDW TR S Z &1d Noether ROMHRZMMER T D LETEEE. FO—HlELT
CM 7% E % JE Noether BA—HRIEL T DHFZEN [Gla95], [HMO7], [KW20] RE(Z L > TITHNT WL S.

Definition 1.5 ([HMO07, Definition 3.1, Definition 4.1]). A Z (Noether & IFRS%\)) RET . a =
ai,...,a, € AICHUT, I=(ay,...,a,) EBL. a NRDFEE

1. a |& weakly proregular sequence T %.
2. 1+ AThD.
3. BBD I EECHEATTIVPICHUT Hy (A)p #0 TH 3.

EiWIz 9 &S, a l& parameter sequence T3 &V, a M strong parameter sequence THhd &, T
2D 1<i<rlc@u”Tay,..., a; D\ parameter sequence THd_E&EL\D.
{EED strong parameter sequence MIERIFIT3H D EE, A & Cohen—Macaulay THad & .

parameter sequence & (& Noether IRICH T HEZR (system of parameters) D—A{L T3S ([HMO7, Remark
3.2)).

CDEFRTHEDN TS weakly proregular sequence [& [Sch03] ICK > TEAINLZEDT, BRAAIRED
J—% Cech IREOI—TEHETEDZLIICTZENDTH .
2 Weakly proregular sequences

Noether TRERICH VT, ROEEFL<HONTLS.

Theorem 2.1. A & Noether RET 3. a=ay,...,ar € A EFNHNERT DA T 7= (ay,...,a,) ITXF

1 BRBE(E, EEMICIEEMEEDEERLNEL DA Noether BTHRIIRTH B LORED. ZlH Noether BFFEIFEBE T,
BFEROBAELPEFELOBRERRKIES CHEICENHOSN TN S.



LT, 2D M c Mod(A) [Cx U CEAFHRFER ;
Hj(M) = H'(a, M)
NFET 5.

Noether &I AN DS 5H 7
—~~~%  Schenzel([Sch03]) IZ& > TZDEEBMLRI NI

Theorem 2.2 ([Sch03, Theorem 3.2]). A ZIR&ETSD. a=ay,...,a € AEATTPIVI = (ai,...,a,) ITKt
UT, a M weakly proregular sequence THd_& &, EFRMD M € Mod(A) & i > 0 IZF U TREFHRFER ;

Hi(M) = H'(a, M)
P EFEETDIZEIFEETHS.

Definition 2.3 ([Sch03, Definition 2.3]). A Z]R&9S. a =ay,...,a, € A N\ weakly proregular TH 3 &
F FED1<i<r&n20[CWUT, m2nDBFELUT oy : Hi(a™) - Hi(a") N0 THDZEZLD.
CCTa'=dl,....a! THY, Hi(a) [FalCLD2TERIND i RD Koszul REOTI—ETHS.

NIFXZDRZEINSENDN B LS proregular sequence &LV D EDD—RRLIZTRD TS,

Definition 2.4 ([GM92, Definition 1.8]). A Z]R& 9D, a =ay,...,a, € AICDOVWT, FERD 1 <i<r
EEBD > 0ICHLT, B m 2 nHEELT, BN ac AICHULT ad € (af',....a" ) B5IK
aa™" € (a},...,al ) THBDEE, a % proregular sequence &\ 3.

ERIFIIE proregular TH 3 (m=n EINIEELWN). FNEITFTTERL Koszul REOY—%5E TS & T,
proregular sequence [& weakly proregular [C725 C ENFEBATE S ([Sch03, Lemma 2.7]).

regular = proregular = weakly proregular.

A ¥ Noether 725 [(FIEED 251l proregular TdH D Z EHHEND SN, Schenzel DEIEN [Theorem 2.1| D
—MIETHDZENDDS.

&T, Schenzel [& [Sch03] [C&HU\T [Theorem 2.2 8RB = A\ TAEAL /Z. ROEBREICKY, CDEEIE
Abel BNEZENDH TIEAT 5 Z &N TE 3.

Proposition 2.5 (A.). A Z]RETS. a=ay,...,ar € AICRUT, ah weakly proregular THdDZ & &, 1E
BOi>0IZHUT Hi(a, -) HSHER (effaceable[) RBEF TH D Z EISAIETH 3.
WEERA DHRRE

= a % weakly proregular sequence &9 3. EERDAGHINEEJ ICDWT Hi(a,J) =0 THDZE&TRER
KW, —fRIC Hi(a,J) = lim | Hi(a",]J) THY, &z J RAENROT H (a",J) = Hom(H,(a"),J)
THdD. a DEZRZAVT Koszul REOI—ZEEINIELL.

*2 Abel BOBDIBENEFE F . of » BIHUT, FED Ac A ICHUTHDIM e of E85tu: A— M HBIFELT F(u) =0
THdDET, F IFHENTHD LS.



= Fn 2 0ICHUTARMBENDEDIRAS ¢ : Hi(a") — J 2EDLE, lim Hi(a",J) =0 THhdZ&h
5, +2XEVNm >nlZDNT;
Hi(a™) — H;(a") —=—J

[FBHERY ¢ NBERBDTHIDHEEHNTHS.

3 p-grade

» RAIDEITTHATz CM ED—RREIE, Noether BFAFIER A LT AN CM THBEZ & &, A DERDE
RO—EAMERFNZRT CEIEAETH D, EWSBERICEBULREDE 572 (parameter sequence
[FEZRDO—ARIL).

s ANCM THEZEE, FROEDATPIVIICHUT ht] = grade; A E0BCEFAETHS.
DEXEICEBUE—MIEETETRVESIN?

—~~~>  JE Noether MIFEIC grade M T ULE S F<IRDEN T, BUIEBEZMZ D ENNKE.

AZIR, MZAME, I ZEADAT7I, a=ai,...,ar € AET 3.

def
a:M-possibly inproper regular sequence s 1<Vi< r,a; : M/(ay,...,a,)M-regular.

I DTTH 578 BHBKR M-possibly inproper regular sequence DRI D _EFR%ZE grade; (M) T&U, classical
grade &L\ D. M # IM DEE grade; (M) = depth; (M) ITFE.

Proposition 3.1. A & Noether}®, M ZHBRER AMEE, 1 Z ADIT7IETS.
grade;,(M) >0 (0:py I) ={xe M| Ix=0}=0.
& Noether DIREZEHNT &, BATER (A, m) [CHIF S grade,, (A) ICDVWTI XY LIz,

Example 3.2. k Zh& U, A =k[[x,y]],m:= (X,Y),M = @Pthl(A) A/P &T 3.
AT T7INE A« MIZHEWT, grade,,, AxM =07H Annm«M =0 ThD.
(A«MI[FEFMM A0 M I (a,x)(b,y) = (ab,ay + bx) TERZEZEDHIELD.)

Z ZC [Hoc74] IZ& B polynomial grade (true grade &€ KI[EN D) HMEHONS.

p-grade; (M) = nlgrgogradel[xl .... x, ] (M[X1,..., Xu])

Noether Z{RE Y % & p-grade & grade [F—39 % ([Hoc74, Corollary of Proposition 1]). & 5 (Z[Proposition|
3.1] DFEINIE Noether BIZHWTERYILD ([Nor76, §5.5, lemma 8]).
—~~~s [FFFER (A, m) [CDULT p-grade & p-depth &EHE, TMN%E depth DY ITED.

4  JE NoetherFRD UV = X DAl

» RYIDHIICHWVTGREARTZEL DS, Noether RDWHAKZITD L THDTE, Noether ZIRELRVWEREE
ABCEITEETHD. BRTIIARILECIMBEZRYIRS HDORMEAHITDICTITVWDEFEX
A AN



= STEIC—MRDIE Noether REE X 5D A TIIHVEY DEENH .
~~ny BRATEDY DIRKATIIERFIZZEZTE, TNHAIYIT—-RRDOH, —RIETEDR
AHNHDZDHEINTSLIDNEERLN.
—~~~3>  JE Noether BORHDTERVWPCTVRDI S RERT. TNICLY, TDLOIRENDI SR
DENTEHPIZEZDZET, TOHIDHENED I SAT—RIESNENE I N EVW>EEERE
MET D ENFRICRD.

FATRAANBREINTI TLBRD I S REV DIMENT 3.
Definition 4.1 (E#&IR). A ZIRETS. IRTOERERI T PINERRRTHDEE, A =&

(coherent) TH3&L\D. TIT, ANEE M NERRFTR (finitely presented) THDEIE, 2 n,m [ZDL)
TERY A" 5 A" > M -0 DNMEEITDIEELD.

Noether & IZRSRVVEEBEOFIE U TIIHMEENRH S ((HEEM Noether THDZ&E DVR THDIZ &
(XEHE).

EERZREOIAINFROARICHA ULETHFERE UT, FIXIF [Shill] NEERERT FEER
(CNBEKIE Noether BNV S X TH D) ZERL, BEMAIDERICISALIZEDHHS.

Noether BFFER A ICDWT, A NEAITHZZEE gldimA < 0 THDZEIIRIETH = (Serre DE
). BAREIIRSRVER A NERITH D EIE, RO P e SpecA [CDWT Ap NIERIFBAMRTH D E%E
WS, A WBERRRIT Noether BTHDEE, ANERITHDIEE gldimA < 0 THDZEIFRAMETHS.
HRATEEDD &, RNKYIID.

Theorem 4.2. A % Noether IRE T D&, ANERIRTHD & &, FEDHRER A B M IZDWVWT
prj.dimM < oo Th D &ILFEE.

[Ber72], [Gla95] IC & > TIEAIRD—MIENHA SN T S.

Definition 4.3 (ERIEAIR). A ZIRET 3. INTOBRERMBENBROFERTERF OES, A Z1EH
BREWD. BICANEETHDET, A ZEEIER (coherent regular) THHELD.

RADEIZH N TR TZ Hamilton—Marley IC£ D CM IRO—RMELEZEHIBT 2.

Definition 4.4. A ZIR& 9 5. I AN TD strong parameter sequence MIERIF TH D E T, A & Cohen—
Macaulay THd &S, Ffz, FRDBHAES ScAICHULTAs N CM THBDES, A % locally CM T
BELD.

CHDERDEET;

» EEIFAERIE locally CM IR TH 5.
» 0RTDRIZ CMERTH 3.
» FATEBSEEE A ICKNT S AT IECMIRTHS.

MEEYIIDZ EM [HMO7] ICKYURINTLS. LD 2 DNERIESE & 5 & Noether DIFEND—HELTHS.

REDEZEF AT D' Big CM KEE LD “Noether CM ERDIAL” DFITH D= &HS, Hamilton-Marley



DEFRD CM BENLWRSFEVZLTWSZEZRLTLS.

Proposition 4.5 ([KW20, Threorem 25]). A ZHRRTOMER (L YILHRRIT Prifer BiE, T780HD5
HRNBFDOBEREXSBOMBENT R THENTH DL OBRBH) &T5&, AlX,...,X,] [& locally CMERT
»>3.

UHL, —RDIRAICHULT TANCMERSIXA[X]EH CM A 7?1 &V D REREIX Noether DIHZAEICIERL
L)II DM, Hamilton—-Marley DEKD CM IR TIEIKRER TH .

Flz, CTTIRERIFIRAGRVA [MIil08] A Gorenstein ED—A&{LZERH THY, Noether RDI S ANDE,
aRf%

1ER! = Gorenstein=Cohen—Macaulay

DELNEYIIDO TS,
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