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o REBEZTBEBLT, BeVLWRIE 1 ZHOHABIEDZ L ¥ T 5. Noether IXIFICHETS AL
FRDOERI AL,

o TRRIINE L FEEZRATLEATHD, BHEEK Z 0—iR{LTH 3.

o 1FT7IINIIERBDRICEITZIEAFO—HRILE LTEASNI-BEITHD, AIBIROE
BRISADEFEOITZEZR 3.

o MEEIAELDIFRTRHDILRE LTEZZZEHTE, MBLZOLEDOLRTE DR
HLEETHS. TOBICHREOS —REAAVSNS.

Noether RICEWTIX, 1 T 7IIBHNAREEL REOS—MNABREED—HIC L DIFHD
ITHNBRIELSHATINTULS.
IFAIRFRIR dim A = gl.dim A

Cohen-Macaulay FFf3R dim A = depth A
Gorenstein BPFFER dim A = inj.dim A
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F9'13, Cohen—Macaulay TBD 1 7 7 LSBT 2EE L THL<.

Definition 1.1
AZIR, MZ AMBELTS. ac ADPMEEDO£x e MICHLTax 20 THREE, a %
M DIEAFTE WS,

ai,..., a, € AICDOWT, EFED i L a; B M/ (ay,. .., a;_1)M IERITH D HD
M/(ay,...,a,) #0 THBEE, aZ M DIEAIFY (regular sequence) & LVS.

e Ak EDOBERX A =k[X, X2, X3] ZZZD. fi=X1,h=X(1-X)), =X(1-X))
E9d3L, fi. . f & AERIF.

o LHL, £, f, fi1d AERFITIIRVL. BERS, A/HAICEWVWT X, #0715,
f3X2 = X3X2(1 = X]) =0e€ A/sz THAh5.

o ZOLSICIERFIIXERERICEK B, Noether BFFIR (A, m) LDOBERERMMEE M I
DVWTId, acm B M IERFILESIE, BARBFRICESEL.

A,
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Definition 1.3
A% Noether (8, M ZERER AMNEE, [ Z IM + M THRESBADATTILETS.
COLE, | OTHSLEBZERE M EMFIORSIEI—ETHD, TN%E depth; (M) TKRY .
ADBFRIIRTI=m DL E, B depth(M) L EL.

Definition 1.4

(A, m) % Noether BFRER, M ZHREM A MEEr 93.
dimM = depth M TH3 L F, M % Cohen—Macaulay (CM) THD WS. A HEHCM T
HBdLE, AZ CMBRFREREWVWS.
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7=, CMEBOREHE LT, FEDOEZR (system of parameters) HNIEAIFI 43 Z & L HFEE
Thd.

Definition 1.5
(A,m) Z d =dimA TH D& 5% Noether BFFERE T B. aj,...,ag e mDBmERLTTI
TERTRIET, ai,...,a; = ADBREWVS.

FIFEDRDI S RZBRICE >THEDITZZHTES.

ERIBFRR HIBRPERITT7ILEERT S
Cohen-Macaulay BFFER FEDEBRHIEAF)
Gorenstein B CMIETHDOHI D, FEDOBRTERINS 1 T 7ILIZEEN
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CCT, depth i, REOS—REBMICHHEIITEICHTES.

Proposition 1.6
A% Noether3R, M ZHEREMR AMEE, [ Z IM + M THRES5BADAITTILETS.
CHDEERDFEANEDILD.

depth; (M) = inf {i € N | Ext'(A/I, M) # 0} .

& 2T, CMIREIF Krull Ryt D Ext DHBICK >TRIBZCEDTEBR, LEXZH
TE3.
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e CD&SIC, RDAFT7ILEREOQD—MMEDOBERZRANSZ Z tid, ABRIRHRICHT
BDEERFENDLIDODTHoT-.

° 1960 ERANSFEACHINFHEEINZI —EDFEINRBINT .
* Hochster IC&k D T @$ET B big Cohen—Macaulay (CM) FAELRIES i,

Theorem 1.7 (Big CM F#8 ; André, 2018)

(A, m) & Noether BFFIRL 3. ROZMGEMI-T ARKE B HEETS :
* B#mB,
e AOBXRIZ B LTERFIZRT.
CDESH B%E AD big CM AL IS,

Z @D big CM K#d, A BEHNCMIBETRWMERIC, AZSEGAMI B LS BB TH -
T, CMEFISEWVEEZF-T-bD, EEZZB N TES.
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B D54

(A,m, k) BFRIRE TR L, A DIE char A |X 4 BEICHEINS.

char A | chark
FIFHO0 0 0
ZiEH p P p
EATEL (0, p) 0 b4
EARE (p"p), (n>1) | p" p

F:A—> A a— aP BDEELFLEHS.

FHO2BEHDEE A 1L T2 (perfect) THDE WS,
COER%EBIEEHAILERLIBHDON IN—T =¥ b1 F (perfectoid) TH 3.
André (2018a,b) I3/N\—T U b FEZBREL T big CM FREZRRLT-.

Ryoya Ando (TUS) Generalizations of Regular Sequences and Grade, and Probl
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o, FIEHOBZRISBATH o= Kunz DFEERIF, N\—T7 I b FOFEZRVWD L
TRIEBANILRTZ N TES.
Theorem 1.8 (Kunz (1976))
A:charA = p >0 TH B & 5% Noether 1.
O AFERITHS.
OF A—> A a—al ISTFIBTHS.

A\

Theorem 1.9 (Bhatt et al. (2019), Theorem 4.7)

A: p erad A TH B & D% Noether IR.
O AIFEAITHS.
O ERFHEHARBASBTBBN—T IV REBBZDDOHEETS.
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CDESIC, IN—T T M REBIZ Noether BEANSZ L THIEFEICRALBEER BN,
ZD &S HBIEIZIE Noether BICHE>TLES.

Example 1.10

710 b FROBEFITHS.

L7=D'>T, Noether IREBDHAEICHFWLTH, JE Noether IRICEARIRERIBSROBRAINBE
iR,
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Definition 2.1

AR, L ADITTI.

Hi(-) = lim Hom4(A/I", -) DAEEREF % FHFAIA-EOQY — (local cohomology) ¥ ME3R.

IFRIEIRZE & DIREIITTLEFTH B8, UTOREHLKD
H{(M) = 1i_n>1Exti (A", M).

Definition 2.2 (Cech #&1%)

a=ai,...,ar €A, {ej}: A" DIZEEE. §I={j1<"'<ji} (Cﬁbalzaj]---aji,

ef=¢ej N---Nej, eH<.

(ji(EZ) — :E: /411161’ tii . (ji — (ji+1; e; —
#I1=i

Hi(a,M) = H(C*(a) ® M) % Cech A7REOT — LML,

D

-
Zel/\Ej.

J=1
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Noether IRICEWTIE, XOEBICEDBARAIFEOS —% Cech A REOS —TEHERHE
TH3.

A: Noether 38, a=ay,...,ar € A, 1= (ay,...,a).
BD M € Mod(A) IZXL, HI(M) = H (a, M).

—~~5  Noether $DIREZANTLES LG ZH?

Schenzel (2003) |& §5RIIEA% (weakly proregular sequence) ZEA TS T, COFEE
ZHERLT.
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SRIEAFIE Koszul FEOD—ZRAWVWTEERINS.
Definition 2.4 ( Schenzel (2003))

AR, a=ay,...,a, €A.
ERBEE, aZ BFRANEAFIE WS,

Greenlees and May (1992) (JBIIERIF)ZE&ZL TH D, Schenzel IFZNZEBEF X TFFEIER
HleEHRL. ERY = BIERT] — SFRIEAF AEEDII>TWS.

Definition 2.5 (Greenlees and May (1992))

((af',....a")) :al"A) c ((a},....a} ) 1 al " A) B’DIIDEE, ay,...,a, Z BIER
(proregular sequence) £ \L\5.
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Theorem 2.6 (Schenzel (2003))

AR, a=ay,...,a, €A, I =(ay,...,a,).

a BFBRIEAS) — Yi>0, "M € Mod(A), H:(M) = H' (a, M).

A 1Y Noether TR%: S IFER DT o IFFFBIEAFI B DT, Schenzel DEIRIE Noether hR
DILFRICE > TWS.

e Schenzel I3EFREDEHZHAVWTLEOFEIE®IALT-.
* Ando (2022) Tld, Abel BIOBHEAICINE S & D B IAZ 5 X 7.
o BrE3DIERDME% Abel BiRDAZRAWTIHIHATZ L THS.

Proposition 2.7 (A.)

a H'SERIEANS) — i>0IZDWT Hi(a,—) h effaceable functor.
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SSRIEAFISERIMEORHEOIFICIATATVLS e 28N L THEL.
Theorem 2.8 (Bhatt et al. (2019), Theorem 4.13)

(A,m, k): BFABFHEE. UTowsThhziEitiE A IJER :
O AREERET, % i> 1 ICKL Tor! (Apers, k) = 0.
O AREERET, $%i>1ICKL Tor’ (A%, k) =0.
O A IXBIZH, dmA <3, $3i>1IZRL Tord(A*, k) = 0.

GEBADIIEE (0 2 A DEBRETBHEE, BRHEDDHET Apey IV AT ETHIIEM &
B32r%&TL, +9KREFVIICDWVWT Tor;(k, k) =0 ZEL .
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© Cohen—Macaulay &g ¥ IERIF O—A&1L

Ryoya Ando ( Generalizations of Regular Sequences and Grade, and Probl March 8, 2026



EAFID—RZEICDOWT, SBRIEMFICIIPPELRZAREDLHD, CMIEDHR=HISEX
THB.

(A, m) %& Noether BFFERRE T 3. COLE, m DITHh S5 B1EKR% M IEBIFIDORE depth A
A Krull 2R7T dimA EFELWE S, A Z CMBEFRERRZEWS.

C OB % IE Noether BICEFIIC—ARILT B &S5 F< LWHEL.
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HMEBV ZEZBL
s EFRD (ATHLV) MER VISHL T depthV = 1.
¢ JE Noether {EIR V IC¥F L T dimV > 2.

—%, TARTOMMEERIL EIZIEHEE (coherent regular ring) T#H D, Noether ZEEIFEIER
|& Cohen—-Macaulay T#%H 3.

& 2T (Noether LIZBRS5H L) (HEESH CM L EZXBZDHBEATHD, dimA = depth A IC
& B —RILIEFE L.

ExLVW—bDEMK
© Noether I]RDIFE, HHENLBTERE—HTS.
@ EEIFAJIRIZ Cohen—Macaulay £ 73 .
® AN CM < A[X] H*CM.
O ADCM & FARTDPecSpecA T Ap Hh'CM.
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* big CM F48%, Bhatt et al. (2019) DFER (Theorem 1.9) ICHEWVTH, BRHMEATH

e Hamilton and Marley (2007) (388RIIERISIZ AW TERZ—M{LITSH LT, &4 1,2
ZWl- L& 3,40 Tif) Bnzmi-dERZIRELT: (Tonly ifs ICDWTIEKREERT
H3).

Definition 3.2 (Hamilton and Marley (2007), Definition 3.1, 4.1)

AR, BFla=ay,...,a, € ADINT X—25F (parameter sequence) THB L I :
O o |355EIIERIF,
(2] QA + A,
O aEZBLIRTDEATTILPICHL A (a,A)p £0.
Bi=1,...,ri L ay,...,a; BNINTA=RFD & FBINTKXA—FF WS,
ITARTODENS A —RFIDERFIE BB EE, Al Cohen-Macaulay THB LS.
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e A D' Noether B B5IE/INT X —2F L BRIF—E L, Hamilton-Marley DES IZHEIE
EDO—RILICE>TWS.

o (—R&ICIX) JFE Noether 72H', CM LR BERDIVZADFE LT, HIZISEHp>0D
BERI A IS T IENEBAT AT XD HIFE5NS.

° HS5DFEMTIL, Hochster (1974) ICK DEBEA SN, HHERZ grade DILFRTH B
polynomial grade BAAWLSNTWS.
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Definition 4.1 (Hochster (1974))

a=ay,...,a, €A. a; B M/(ay,...,a;-1)M DIEBTTTHBD L F, a & weak M-sequence
rWs.

C DIFEVAIE Bruns and Herzog (1997) Il o 7. Hochster (1974) & possibly improper
regular sequence on M ¥ IFATWS.

* grade;(M) %Z 1 D weak M-sequence DREDRITEERT 3.
e depth, (M) % I D regular M-sequence DREDRETEET 3.

A: Noether3&, I: 177 )L, M: BIRERK A hNEk.

grade;(M) >0 & (0:p 1) =0.
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Noether ZNFT L (0:ps 1) =07H grade =0 ERBeHHB.

Definition 4.3

AZBYL, MZ AMBEL 3. EMAeMICKRDEEZEDHBZ LEICHD ;

(a,x)+ (b,y) =(a+b,x+y),

(a,x)(b,y) = (ab,ay + bx).
CNZ AxM EDE, AD M IZK B trivial extension F7=1&1 7 77 JL1E (idealization) &LV 5.

v

(a,x) e Axs MM A« MEBMTHBZZ LW, a AN D M EATHZ L LRAETHS.

Example 4.4 (Vasconcelos (1971))

kZ&C Lg A=k[[x,y]],m= (X’Y)’M=@P€SpecA,htP:1A/P YT, CDEEA«MIC
BL\—C’ (0 A*Mm*M):Oreb\‘gradem*MA*Mzo_t“%%.
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Lemma 4.5 (Northcott (1976), Chap. 5, Thm. 7)

A8, M: ATNB%, = (ay,...,a,): BRRERITTIL.

grade; s x](M ®4 A[X]) >0 & (0:p 1) =0

Definition 4.6 (Northcott (1976), Chap. 5.5)

p-grade; M = hm 0 grades [y, x, ((M[Xy, ... Xa]).

.....

%z M D I |9 % polynomial grade & L\5 .

o —RICRDADILD :
p-grade; M < sup{grade,5(M ®4 B) | B : BRFE A K8 }.

* Hamilton and Marley (2007) IZi& MESHEDIID1 CIAABRLTERINTWS.
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Hochster (1974) I, (I, M) B'FBHNTH B & E, HAB% classical TIFZR L) grade DEZR L
LTW3.

Definition 4.7 (Hochster (1974))

FEORBREFIEH ARKBICHLT, IBICEENBZEED weak M ® B-sequence H M ® B-
FRFEHZ EE, (I, M) | FFARY (admissible) & LVS5.

IM +M THBE51F, (I,M) I3FENTHS. £l M HBERERESIE, IM#M &
(I,M) THBZCIIEETHS. 2FD, M DBEREREBSIEIM =M THHIEE (I,M)
IEEFRBITIEZAR LY.

Proposition 4.8 (Hochster (1974), Sect. 1, Prop. 2)

(I, M) BEFRNB 5, % n> 0 BEELTERFE BICHL
grade; s (M ®4 B) < grade;z(x,  x,](M[X1,...,Xn])-

.....

&oT, IM+M DEZE limgrade(M[Xy,...,X,]) = sup{grade(M ® B)} THD_&lIhH
hote.
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IM =M DBEEEZS. M BEREFRGSIE, PILOMHEICEDAEDN o D, FS
DRFEILDDOHS.

Proposition 4.9

AZR, 1 ZEDAT7I, MEBRERAMBEL, IM=M X T3. COLE
grade; M = co TH 3. $FIC limgrade(M[Xy,..., X,]) = 0o EWDPAEDFESIIE D IID.

IM=M7%BDT, FLOHELD a c ATH>T (a+1) eI DDaM =0 B3DDHEN
3. 932 a+1IEMEMNTH>T, M/(a+ 1) M=0%BDTa+1l,a+1,---,DELSIZED
BlT3enTES. T4DB5 grade;,(M) =0 THDB.

O
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D2EDIM =M DHDDOMHBERERTHEVWEEIHEETHS.
Example 4.10 (A.)

A=Z1=2ZM={a/2"+Z|a€Z,n>0}CcQ/ZLTBL, IM=MHbDIDEEDTIZ
M IEBITIEZH D XLV, TS5 grade, M =0 THB.

&2T, IM=M DEE grade;(M) = 0o £783 LIKPRS TR,

COBITIE, | KBEIBERLBDT, EFEDEBRTIBLR A KB B ICDWT grade, z3(M ® B) =0
TH3 (FERHVICHD 0 TESIIEDIID). )

grade, M = 0 2D 5 & W> T, p-grade B0 &IFPRSZR0LY.
#5IC Vasconcelos OFITIX, Lemma 4.5 & D p-grade BIEICHES (CDFITIE IM #M T
XH3H).
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£ (I, M) DHFBHTHVWASIE, RHEZTWS.

AZREL, I ZZDATTI, MZ AMBLTS. (I.M) BDHFBHNTHEVERSIE,
sup {grade; 5 (M ®4 B) | B : faithfully flat A-algebra} = co

TH.

A,

HBDERTIE AR B &, 1B DRFIT weakly M ® B-sequence 72h° regular
M ® B-sequence THWHI b BFEETS. DED, b, by, by, - - DNRIERD weakly
M ® B-sequence £ 72 3.

v
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Proposition 4.12 (A.)

AZIREL, I ZEDATTI, MZ ANMBELTS. (ILM) ZFBENTRVETS. CDL
&, limgrade(M[X],...,X,]) =c0 THDB.

(I, M) BEFANTIRBVWEE, FED i I LT Koszul FEOAS—HEHIZTWR LS54 H S
a=ay,...,a, CIDFEETS.
H,(a,M) =kerd, = {x e M | a;x =0foralli} THD, WEERIIZTRTOD Koszul FEO
T—DHATWBDS 0y =3, a; X! 1T M[X,] DIEERITTTH 3.
i LT HM (0, M[X)]) = HA(a, M) ® A[X)] =0 THD, F1EFRLT

0 — M[Xi] —5 M[X)] — M[X,]/uM[X;] —> 0 HSFEEIN S Koszul
homology DRFELFIEE X3 LT, H X (a, M[X\|/uM[X\]) =0 £15.

&2 Tuy=X"a; Xi B, ThEFERIC M[X ] /uM[X,] EDIERITTEARD,
HA (@ MIX, Xo] fuM (X1, X)) = 0 7253

J:’J'C, BORICrICE > Tlimgrade(M[Xy,...,X,]) =0 THDZEHHHh 3. o
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Theorem 4.13 (A.)

AZREL, I ZFDA4T7I), MZ ANEELT 3.

lim grade; a1y, . x,] M[X1,...,Xn] = sup {grade; 5 (M ®4 B) | B : faithfully flat A-algebra}

n—oo oLl

THd.

Hamilton and Marley (2007) ICIXEEER%: L TEEE S NTE D, well-known for experts BB S
M, SEERISH ZIEEIEEATH .

(I, M) BHFBNTH 3% 51E, Proposition 4.8 ICE D, HEENEDII>TWVS. FENTH
L& F (& Proposition 4.12 IC& D, EEH D IID. O
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© Hamilton-Marley D F3RD & HFl
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Hamilton and Marley (2007), Prop. 2.7 TIEZRHAERINTWS ©
AZER, I=(a1,...,a,) CERERITT7IL, M%Z ANBLTS.

p-grade; (M) = sup{k > 0| He_;(a, M) = Oforalli < k}
= sup{k > 0| H}(M) = 0forall i < k}.

ETBIC, Tp-grade;(M) <o &= IM M1 LERLTWS.

A=Z,1=2Z, M={a/2"+Z|a€Z n>0} cQ/ZEHBLYE, IM=MFEH I DEEDT
I& M IERITZL.

&> T grade; M =0 (HD p-grade;, M =0).
—7%, IM =M THBICHED ST p-grade;(M) = 0 < 0.

Ryoya Ando (TUS) Generalizations of Regular Sequences and Grade, and Probl March 8, 2026 35/37



o FDFITIE p-grade;, M =0 TH D, Koszul FEAS—H LU Cech AFEAS—%5H
T3 (2, (3) DFEEBEF—HLTWS.
o SEBAZFRTPRED , ChOSDAREEN—HTBZLIFIELL.
o LHL, SEBAAELICERINTWLS Moreovers DEPS (p-grade < oo &= IM + M)
I$_D THB.
IM =M DD MBEREFRDE FF, PILOWELD grade, M = 0 %D .
IM =M DD M HIFERERDBEHLEETHD, LofIhZzorflzE5x3.
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